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Non-associative multiplication

Algelbra a(bc) = (ab)c

* Real numlbers

« Complex numbers

* Quaternions (4-dim.)
* Matrix algebra

« Octonions (8-dim.) [ 1] generally not frue
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Research context

* Why physics on non-associative algebra?

- Gives access tTo a hidden non-associative structure in

guantum mechanics
 Models parameters that are unobservable in principle, but do not
violate Bell inequalities (no “hidden variables”) [2-4]
o Supersymmetric operator qguantum mechanics [3, 4]

- Embeds known fundamental laws info formalisms that
generally cannot be expressed in (associative) matrix

algebra over complex numbers anymore.
« Dirac equation with electromagnetic field [5, 6]
» Classical Maxwell equations [ 7-9]
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General goals

- Aims at modeling known physical laws in more narrow

formalisms, using fewer assumjptions.

« Split-octonions algebraically generate one time and three space
dimensions, and fie Heisenberg uncertainty to a maximum speed
(of light) [5,7].

* Euclidean quantum gravity and electromagnetism in one closed
formalism [6,10-12]

- Room for exploration:

* Unobservability does not necessarily require formalisms to e
indeterminate [ 3]. Philosophical impact on “hidden variables”?

» Operator quantization of strongly interacting fields? [2, 4]

« Octonionic spinors describing fermion generations? [13,14]

» Unification opportunity?
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Research problem

* Previously known:

- Non-associative decomposition of a supersymmetric

nmomentum operator Puexis’rs [4]:

* Needed to know:

- Find non-associative decomposition of angular
momentum operator M.
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Problem dertall

Find totally antisymmetric angular momentum operator M*Y,
[R*,R"] = 2M",
Lorentz-invariant,

[ﬂf[ﬂyj AJ’OJ] — 1 (nVﬂA{#G + ,n,uo'ﬂj'up
— nﬁﬁﬂd‘f!ﬂ' L nvﬂ']\/f#p) j

generated by non-associative, closed components R* [47:

ﬂ”ﬁ)_(#l’)ﬁ_ﬁ(f-’ﬂ)
(R",R",R”) = (RF'R")R R (R"R
_ U po
— 2¢ R,
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Solution

Using complex octonions (conic sedenions) [15,16], C ® O, 4S:
b(ﬂ . — {lj?:{]}
= {1,i1,...,i7}
?':[] = ’E:nf_'n (?’1 = {1 c e 7})

Basis for M“" and R* : U i
{R } = 5 (1 —|—E{])
O a2 3 {R'} = %5(1 —1p) ,
{ﬂdﬂw} e l _?:1 0 —€3 €2 .
2 —t2 &5 0 —g {RZ} = ?—h(l — 1) ,
—13 —€2 €] 0 2
{RS} — 32;?(1_3'“)_
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INnferpretation

e Immediate conclusions:

- Operator guantum mechanics has a hidden, non-
associative structure, because momentum and angular
nmomentum operators can be decomposed as bilinear
combination of some operafors.

- Yet this is not a "hidden variable” model, because non-
associative elements are unobservable in principle.

- Generally, provides justification for operator guantum
mechanics on non-associative algelra.
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Outlook
* The big question:

- |Is this “just” a philosophical point of view, or does it help
description of physical law in new ways?

* Further investigation:

- Do the R* have dynamical equations?
- |s a non-associative decomposition of QFT possible?
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Thank you

Thank you for attending this talk!

For defails and notation cross reference, see:

“Supplement to 'Non-associative decomposition of

angular momentum operator using complex octonions'”
(http://www jenskoeplinger.com/P/SESAPS08_AngMomDecompSupp.pdf)
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Appendix: Complex octonions

Quick notes about complex octonions (conic sedenions) [15,16]:

Modulus (NOrM): 2= ja+ X buin + X caen + dl = a1 12 — 2 — )2

Multiplication table:

Other relations: is | is| is -ir io —ii -1 -is io|-es| & e

&

e = cosh a + &,(sinh «)

l . . e lal o 63— e —-& - g|lnl 1l -i
ne, = E(zn —ip)

o 1 — g O
Enzﬁ[(l_gn)+(1+5ﬂ)e ]

Had — bye,)?

X 1 n i2 7 1y iﬁ 15 17l ol €1 €2 €3 E4 E5 E; E7
| 1 f| fg fg f_; i; I}, f;' !.{p E] €2 &y &4 & & &7
fl i| -1 I3 —12 i5 —i4 —f;-' ff_., —£1 fq} €y —Ey E5 —Ey —E&7 &
i | Bbl-15 =1 1 14 iy =iy —is|-&2l-e3 Iy & & & —& —&5
i3 | i3] b -1y =1 17 =iy 5 —lyl|-&3] & -5 iy & -g & —&
iy | ia|-is —is =17 =1 41 @ i3|-es|-€5 -6 —&7 W €1 € €
En —E] f|_] —£3 &7

i& !.,5 l:;.-' 1.4 —.!.5 —1.2 1.3 -1 —!.1 —Eq| E7 Ey —E5 —&y £y !.[; —£]
i7 Vigl|—ig i5 iy =iy —in 1§ =l|-e7|-€s €5 €y —&3 —&2 € 1y
g | wol-61 -2 —e3 —64 —&5 - —e7|-1| 11 1 i3 14 5 iy 17
iy —i5 iy iy —ig

e |el-ex iy & & & —& -l bl i3 1 - -y -7 iy Is
_ e el e -1 1y & -8 & —&| |- i 1 -7 i —i5 i
£} Ey |—€5 —£5 —E7 1.[] E£] & £ i4 iﬁ 1..5 f? 1 —i[ —ig —f_:,
£5 Es| Ey —E7 Ep —E) IIU —=£3 &2 i; —i4 1.'; —I‘E, i| 1 i:.: —iz
Eg Ey| E7 E4 —E5 —Er E£3 iu -£] iﬁ —f}' —i4 fﬁ ig —*f; 1 f|
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