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Abstract

Conic sedenions from C. Musés’ hypernumbers program are able to express the Dirac equation in physics through their hyperbolic
subalgebra, together with a counterpart on circular geometry that has earlier been proposed for description of gravity. An electromagnetic
field will now be added to this formulation and shown to be equivalent to current description in physics. With use of an invariant
hypernumber modulus condition, a description of quantum gravity with field will be derived. The resulting geometry reduces in very good
approximation to relations expressible through customary tensor algebra. However, deviations are apparent at extreme energy levels, as
shortly after the Big Bang, that require genuine conic sedenion arithmetic for their correct description. This is offered as method for
exploration into bound quantum states, which are not directly observable in the experiment at this time. Extendibility of the invariant
modulus condition to higher hypernumber levels promises mathematical flexibility beyond gravity and electromagnetism.
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1 Introduction

In order to qualify and sufficiently support a quantum theory of gravitation on genuine conic sedenion arithmetic (from
C. Musés’ hypernumbers program), it was first shown that the Dirac equation in physics is expressible on hyperbolic octonion
arithmetic [1]. Rotation in the (1,i9) plane yields a counterpart on circular (Euclidean) geometry, which exhibits certain
primitive properties of quantum gravity [2]. For large-body (non-quantum) physics, an alignment program was developed from
an invariant modulus condition [3], and shown to be consistent with the General Relativity formalism for gravity.

This paper will conclude definition of the computational framework for a proposed quantum theory of gravitation and
electromagnetism on hypernumbers, by supplying a physical force field to the formulation. An electromagnetic field will be
added to the hyperbolic subalgebra and shown to be equivalent to current description in physics, supporting a conjecture by
analogy for the circular subalgebra to describe quantum gravitational interaction.

Certain mixing effects become apparent at extreme energies, which cannot be separated into the individual constituent forces
of gravity and electromagnetism anymore. This makes conic sedenion arithmetic a needed tool for further investigation into
such effects.

Referring to the power orbit concept, it will be remarked that hypernumbers offer additional mathematical versatility to
satisfy a generalized invariant hypernumber modulus theorem, beyond the description of gravity and electromagnetism herein.

2 Electromagnetism

The Dirac equation with electromagnetic field is a fundamental building block in describing dynamic interaction of spin 1/2
particles (like electrons or protons). In a simple form it can be written as

[y(p—eA) —m] ¥ =0 (1)

(from [4] equation 32.1) and contains a operator p and certain implicit summations. In order to map this relation to conic
sedenion arithmetic as in [1], it will now be written explicitely ' in terms of space-time derivatives 9,.
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The terms v, p, A, and ¥ in (1) are summed over three indices p,v,0 € {0,1,2,3}, with implicit use of a metric tensor
N (describing Minkowski metric; 7, = 0 for p # v, noo = 1, and 75 = —1 otherwise), and result in four equations now
indexed with p € {0, 1,2,3}. The 7 are constant, anti-commuting 4 X 4 matrices [vu]pa on complex numbers, p are the quantum
mechanical operators for energy pyp = i0p and momentum p; = —id; (i € {1,2,3}), e is the electric charge of the spin 1/2
particle, m is its mass, and A, the electromagnetic field acting upon it. Both A, and ¥, are a function of time ¢t = xy and
space T = {x1,x2,z3}.

With A7 .= Zi:o N Ay, one can then write (1) in the following form:

3
Z < Z 7# po Nuv (ﬁu - eAV) pom> Yo =0 (2)

3 3
Z <Z (Z [”Yu]pg O — ['Y,u]pg eAZ) pﬂm> Yo =0 (3)
o=0 \pu=0

Interpreting the summation terms 4 [Wu]pa Ou — [Wu]pa eA}, as coefficients 9, and eAj, to bases iv, and v, respectively, one finds
the following algebraic relations:

(1) All 8 bases iv,, and 7, as well as, the term —m (to basis “1”=§,,) are linear independent.

(2) Since all v, anti-commute (vy,7, = —v, 7, for u # v), the bases to the 0, factors anti-commute, as well as the bases to the
eAj.
(3) The eAj, bases anti-commute with bases to 9, factors for u # v, and commute for p = v.
Conic sedenion arithmetic to basis elements beonis € {1, 41, ...,47,%0,€1,--.,&7} and the definitions
Vi :=1(0,00,0,0,0,eA3,—eAs, edr, 0,ed0,0,0,0,—03, 02, —01) (4)
\I]con16 : (%/1071/1071/1171/1170 0 O 0 07070707¢57_¢§7_¢§7_¢§) (5)
with m = (m,0,...,0) allow to express (3) as:
(vcon16 ) \I]conlﬁ 0 (6)

Proof: For A, = 0 relation (6) reduces to the correct form of the Dirac equation without field on hyperbolic octonion
algebra?. Embedded in conic sedenions, demanding invariance under a transformation of the wave function

EM ’ioX
\I]con16 - \I]con16 € (7)

in direct analogy to its description in physics (e.g. [4] relation 32.3) with

Oux :=€A, (8)
yields:

i180 — il (80 — ioer) = ilao + 616A0 (9)

—e503 — €5 ( 03 + i06A3) = —e503 + i5e¢A3 (10)

g602 — €6 (02 — ipeAa) = 602 — ige A2 (11)

—e701 — 87( o1 + ZQ@Al) = —g701 + i7e Ay (12)

The number bases of the A, terms correspond to (4), and the conic sedenion bases {i1, —¢5,c6, —e7} and {e1,45, —ig, i7}
associated with the 0, and A, terms respectively satisfy above algebraic relations of the iv, and 7, bases used in physics
(change of sign in A}, = £A,, does not alter these relations). This concludes the proof.

2 See [1] equation (5), but note that definition (4) there is incorrect and should be Viyps := (—m, o,0,0,0, —03,02, —061), as well as
definition (3) should be Yhyps 1= (1/)6,1/)671/){71/?1,1/57 —abb, —%, —1/)i3). The different definitions were the result of using a conic sedenion
multiplication table which identified the classical octonion element “I” with sedenion element —i4 instead of 4, therefore not being
consistent with the cited sources [5,6].



3 Gravity

In an identical procedure to electromagnetism above, the circular octonionic Dirac equation proposed for the description of
gravity in [2]| (relation 9 there) can be extended by a field eAy using the definitions

vcoan (O 09,0,0,0,03,—0s, 01, O,GAQ,0,0,0,eAg,—6A2,6A1) (13)
con16 - (1/}051/}051/}151/}17 1/}571/)1251/}§51/}§5 050705070507050) (14)

to:
(Vgrnw —m) e 16=0 (15)

This is obtained by demanding invariance of UG |4 under the same transformation as (7) above,
TOT o — WEr o elox (16)
con16 conl6

(with identical definition of 0, := eA,, using electromagnetic field A,, and electric charge e of the particle).

Such an ansatz implies that every spin 1/2 particle with mass at rest m also has an associated electrical charge e. While this
is true for most fundamental particles (electron, muon, tau, all quarks, and associated anti-particles), neutrinos are currently
assumed to have a mass at rest but no electric charge. Since they only interact through gravitation and the weak force (with
associated weak charge), a formalism that would describe both gravity and weak interaction could be more appropriate for
these particles. They are therefore excluded from the current investigation.

In order to define the computational framework for a proposed quantum theory of gravitation and electromagnetism on
hypernumbers, the invariant hypernumber modulus theorem from [3] will now be proposed to be valid for quantum gravity.
This theorem was concluded to be sufficiently founded for large-body (non-quantum) gravitation through the NatAliE equations
program, and rotation in the (1,4g) plane appears to be a plausible way to transform proven relations for electromagnetism on
hyperbolic geometry into gravity on circular geometry.

With use of a real-number mixing angle a and the definitions

VGT EM (07805070507050705 O,EA0,0,0,0,0,0,0) (17)
vGr M.~ (0,0,0,0,0,05,—82,81, 0,0,0,0,0,eAs, —eAs, eAy) (18)
vGr,EM vGr EM + exp (2004) vGr EM (19)
\IIS?EM = (¢05¢05¢15¢1507050705 050705070707050) (20)
ey = (0,0,0,0, =5, 9b, ¥5, 4%, 0,0,0,0,0,0,0,0) (21)
\I]Gr,EM _ \I/Gr EM + exp (2004) \I]Gr EM (22)
the unified description of quantum gravitation and electromagnetism is now proposed as:
(VEREM _ ) pGrEM _ (23)

Universal applicability of physical law for different observers (“relativity”) is governed by the invariant hypernumber modulus
theorem. Applied to

‘vGr,EM\I]Gr,EM‘ _ ‘m\I]Gr,EM| _ |m| ‘\I]Gr,EM‘ _ ‘vGr,EM‘ ‘\I]Gr,EM‘ (24)
it demands identical values for |m/|, ’\IIG“EM‘, and ’VG“EM’ in equivalent frames of reference, under the influence of any force.

4 Mixing Gravity and Electromagnetism

The transformation WEEM — GOrEM giox Jeaves the modulus |9 FM| unchanged and introduces a physical force field A,
which acts on the particle’s electric charge e. Depending on the mixing angle «, the effect of this force is either traditional
electromagnetism (o = 7/2), proposed quantum gravity (o = 0), or a combination thereof. Since a change in « generally
changes |‘IJGr EM|, «a must remain constant under space-time coordinate transformation. Therefore, there are three constant
properties of a spin 1/2 particle in this formulation which characterize its behavior under the influence of a force: m, e, and «.

With a general line element (as in [3], relations 4 through 7)
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dTQl = (O, dxy,0,0,0,0,0,0, 0,0,0,0,0,0,0, O)
drqe == (0,0,0,0,0, dzs, —dzs, dzy, 0,0,0,0,0,0,0,0)
ATeonl6 : = dTQl + exp (Ozio) dTQz

25
26
27

(
(
(
(28

)
)
)
dT := |dTeon16| = |dTq1 + exp (aip) dTq2| )

one can now examine the space-time transformation behavior of a free particle of general . The conic sedenion modulus |z| of
: 7 . 7 o
a general sedenion z =a+ >, _(bpin + >, o Cnen + dig is [7]

7 7 2 7 2
2| = o <a2+Zbi—Zc%—d2> +4<ad—2bncn> (29)
n=0 n=0 n=0

and using |dZ|” := da? + dz2 + da? yields:

2 2
|dTeon16] = i‘/(dzg + cos? o |dE|* — sin® o |df|2) +4 (— cosa sinw |d:f|2)

= {l/d:vé + |d|* + 2da? |dZ)? (cos? o — sin? @) (30)

This relation cannot be represented anymore in a second order tensor formalism (e.g. through the metric tensor g,, from
General Relativity with dr? = 3" g,,dx,dz,), but contains mixing effects between quantum gravity and electromagnetism
that cannot be separated into their constituent forces. It is also distinct from a potential fourth order tensor formalism dr* =
> Ghvpodrudr,dr,d, due to the non-associativity of conic sedenions.
For all known particles from the Standard Model (SM) in physics, the relative strength of the gravitational force is docents
us

of orders of magnitude weaker compared to the electrical force, and writing a := § — 3 allows to approximate (32 in the order

of the relative force strength 3% ~ Fg,/Frym ~ m?/e? (Far and Fgy are the static gravitational and electromagnetic forces

between two particles with mass m and electrical charge e; e.g. for two electrons 32 ~ 107%2). Using v := (1 — |dz|? /dzg)

yields:
(dreonts|Zsng) ~ |/ o + d]* + 2dad |z (82 — 1) (31)
d 2 d_»2
~ (daf — [d7l*) | 1+ g 4o ldal” (32)
12
(dw% — |dz| )
= daf — |dZ|* + (07)” |4z (33)

This relation could be expressed in second order tensor form dr? = Y g, dz,dz, as currently used in physics. The factor
(67)2 depends on the speed of an observer, which is the result of the two forces gravity and electromagnetism being proposed
on different space-time geometries (see in detail [3]). Energy levels for which (33) would exhibit a significant deviation from
traditional physics are currently only presumed shortly after the Big Bang. For comparison, the Tevatron accelerator (Fermilab)
reaches v = Eyin/Eo ~ 103 with protons (ﬁz ~ 1073%), and LEP (CERN) reached v ~ 2 - 10° for electrons (32 ~ 1072).
In both cases there is (67)2 < 10729 which makes the traditional length element of a free particle drdpy = dzd — |d9?|2 an
approximation that is indistinguishable from conic sedenion formulation in these experiments.

5 Conclusion and Outlook

Conic sedenion arithmetic has been used to describe both the classical hyperbolic Dirac equation with electromagnetic field
and a counterpart on circular geometry proposed for quantum gravity. The same field A, from electromagnetism is also generator
of gravitational interaction in this description. The observed difference between the two forces is quantified through a mixing
angle «, which becomes a third particle property next to its electrical charge e and mass at rest m. At experimentally accessible
energy levels, this formalism approximates to customary second-order tensor form and has « in the order of 5 —a ~m/e.

While effects from conic sedenion formulation are eluding current experimental validation, one is able to describe these two
forces on the quantum level in a narrow, closed arithmetic, without unsparing use of extra dimensions, fields, or free parameters.
Hypothetical particle types which exhibit predominantly gravitational coupling (o < 7/4) could enter into strongly bound states
that cannot be broken in current experiments, making its constituents not directly observable. Conic sedenion arithmetic allows
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to vary the parameter o and therefore is offered for exploration of such states and observables that may indirectly materialize
therefrom.

Split-octonions, which are computationally equivalent to hyperbolic octonions, have been shown to describe classical elec-
tromagnetism on a non-traditional number system [8]. Description of gravity on an Euclidean background has been called ...
the only sane way to do quantum gravity nonperturbatively” [9], and a genuine Euclidean metric (without “Wick rotated”
time element dt — i dt) was included in the approach. For both these recent developments, conic sedenions with their circular
(Euclidean) and hyperbolic (Minkowski) subalgebras may pose a valid computational tool for further examination, in addition
to “asymptotically anti-de Sitter space” suggested by Hawking.

Extension of the invariant hypernumber modulus theorem to other hypernumber types offers mathematical versatility beyond
gravitation and electromagnetism. For example, Musés mentioned about w arithmetic that “at least 3 orders of w (w12 3) exist
[...]” which form an anti-commutative 3 cycle [10], similar to a typical representation of SU(2) symmetry currently used for
the weak interaction in physics. Another example is the power orbit £* which does not fall together with the exponential
orbit exp ae of the same base number . Current description in physics uses exponential orbits for all forces of the Standard
Model, whereas power orbits would be the natural transformation with respect to the invariant hypernumber modulus theorem:
U — Web (b real) leaves || unchanged, and so do compound constructs like ¥ — W igebw® or ¥ — Wi%bwe (a,b,c real).
Further investigation into these and similar relations is needed in order to conclusively evaluate hypernumbers for the description
of physical law.

References

[1] J. Koplinger, Dirac equation on hyperbolic octonions. Appl. Math. Comput. (2006), doi: 10.1016/j.amc.2006.04.005.

[2] J. Koplinger, Signature of gravity in conic sedenions. Appl. Math. Comput. (2006), doi: 10.1016/j.amc.2006.10.049.

[3] J. Koplinger, Hypernumbers and relativity. Appl. Math. Comput. (2006), doi: 10.1016/j.amc.2006.10.051.

[4] V. B. Berestetskii, E. M. Lifshitz and L. P. Pitaevskii, Quantum Electrodynamics. Pergamon Press, 2nd edition (1982).
[6] K. Carmody, Circular and Hyperbolic Quaternions, Octonions, and Sedenions. Appl. Math. Comput. 28:47-72 (1988).

[6] C. Muses, Hypernumbers and Quantum Field Theory with a Summary of Physically Applicable Hypernumber Arithmetics and their
Geometries. Appl. Math. Comput. 6:63-94 (1980).

[7] K. Carmody, Circular and Hyperbolic Quaternions, Octonions, and Sedenions - Further Results. Appl. Math. Comput. 84:27-47 (1997).
[8] M. Gogberashvili, Octonionic electrodynamics. J. Phys. A: Math. Gen. 39:7099-7104 (2006).
[9] S. W. Hawking, Information loss in black holes. Phys. Rev. D 72:084013 (2005).

[10] C. Muses, Computing in the bio-sciences with hypernumbers: a survey. Int. J. Bio-Medical Computing 10:519-525 (1979).



