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tWhen extending 
omplex number algebra using nonreal square roots of +1, the resulting arithmeti
 has long exhibited signs for potentialappli
ability in physi
s. This arti
le provides proof to a statement by C. Musès [1℄ that the Dira
 equation in physi
s 
an be found in 
oni
sedenions (or 16-dimensional M-algebra). Hyperboli
 o
tonions (or 
ountero
tonions), a subalgebra of 
oni
 sedenions, are used to des
ribethe Dira
 equation su�
iently in a simple form. In the example of 
oni
 sedenions, a method is then outlined on how hypernumbers
ould potentially further aid mathemati
al des
ription of physi
al law, by transitioning between di�erent geometries through genuinehypernumber rotation.Key words: 
ountero
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omplexnumbers1 Introdu
tionThe Dira
 equation in physi
s is a fundamental quantum me
hani
al relation, serving as equation of motion for a free spin1/2 parti
le (like e.g. an ele
tron or neutrino). It forms an elementary building blo
k in 
urrent des
ription of ele
tromagnetism,weak, and strong for
e. Charles Musès stated in [1℄ about the Dira
 equation that �... a simpler version of the equation usingonly 16-dimensional M-algebra 1 is possible ...�. This mapping of a fundamental physi
al relation onto a non-asso
iative numbersystem (in this 
ase 
oni
 sedenions) departs from the traditional approa
h whi
h uses matrix or tensor formalisms on asso
iative(
ir
ular) 
omplex numbers.Detailed analysis of the pertaining hypernumber systems has been performed [2,3℄, from whi
h notation and de�nitions areadapted here unless otherwise noted.The Dira
 equation will be written in this paper as a hyperboli
 o
tonion produ
t, whi
h is a subalgebra of 
oni
 sedenions.This will provide proof to Musès' 
laim from above. Expressing the Dira
 equation in su
h a non-asso
iative arithmeti
 maythen o�er an interesting opportunity for further exploration. Genuine hypernumber rotation may qualify as a new 
lass ofsymmetry transformations on the Dira
 equation, and equip physi
ists with an additional mathemati
al toolset to furtherexplore and des
ribe fundamental relations and for
es in nature. The general method will be demonstrated in the example of
oni
 sedenions, where rotation in the (1, i0) plane allows to transition the Dira
 equation from hyperboli
 to 
ir
ular geometry,thus �unifying� the 
lassi
al relation with a hypotheti
al �other for
e�.2 Dira
 Equation in Hyperboli
 O
tonionsIn order to keep 
on
epts from physi
s to a minimum in this paper, only the most 
ommon expli
it form of the Dira
 equation(the so-
alled �Dira
 representation�) will be examined. Physi
al 
onstants c and h are set to 1 sin
e they are non-essential forthe mathemati
al stru
ture.Email address: jens�prisage.
om (Jens Köplinger).
1 K. Carmody re
ently 
ommuni
ated his intention to use in future writings the term 
oni
 sedenions instead of sedenions ([2,3℄) or16-dimensional M-algebra ([1℄). The new term 
reates a 
lear distin
tion with respe
t to number systems like in [4℄. In a similar fashion,the term hyperboli
 o
tonions will be used in this arti
le instead of 
ountero
tonions to re�e
t their geometri
 quality as 
ompared to
ir
ular o
tonions (built on square roots of −1 only).Private version, all rights reserved by the authors De
ember 9, 2007



A parti
le's wave fun
tion Ψ is expressed as a four ve
tor 
ontaining 
ir
ular 
omplex ψµ := ψr
µ

+ iψi
µ
, with µ ∈ {0, 1, 2, 3}and upper index {r, i} denoting a 
omponent's real and imaginary 2 parts. The ψµ are fun
tions on spa
e x1, x2, x3 and time

x0. The abbreviation ∂µ is short for partial derivative ∂/∂xµ.The 
lassi
al Dira
 equation 
an then be written as:
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(1)A hyperboli
 o
tonion zhyp8 to basis elements bhyp8 ∈ {1, i1, i2, i3, ε4, ε5, ε6, ε7} will be expressed through real number
oe�
ients c[bhyp8] in the following notation:
zhyp8 = (c[1], c[i1], c[i2], c[i3], c[ε4], c[ε5], c[ε6], c[ε7]) (2)The parti
le's wave fun
tion Ψ will be mapped per de�nition onto:
Ψhyp8 : =

(

ψr
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i
2,−ψ

r
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) (3)For any µ, if ψr
µ
is mapped to c[bhyp8] its imaginary 
ounterpart ψi

µ
is mapped to a c[bhyp8 · i1]. Therefore, the 
ir
ular 
ompleximaginary basis element i is identi�ed with the hyperboli
 o
tonion basis element i1, or i ≡ i1.With de�nition of

▽hyp8 := (−m, ∂0, 0, 0, 0,−∂3, ∂2,−∂1) (4)the Dira
 equation 
an be written as generi
 hyperboli
 o
tonion produ
t:
▽hyp8Ψhyp8 = 0 (5)Proof: The four 
ir
ular 
omplex relations of the Dira
 equation (1) are separated into their real and imaginary parts:
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2 For 
larity, the imaginary base element for 
ir
ular 
omplex numbers will be written as i, without index. Su
h indexing would makethe Dira
 equation hard to read and be unneeded. When using o
tonion and sedenion arithmeti
, the 
ir
ular 
omplex i will subsequentlybe identi�ed with i1 by de�nition, i.e. i ≡ i1. 2



The hyperboli
 o
tonion produ
t ▽hyp8Ψhyp8 (5) is expli
itely:
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The eight 
omponents of (15) 
an be identi�ed as left-hand part of equations (6) through (13), either identi
ally or with theopposite sign. This proves that ▽hyp8Ψhyp8 = 0 is indeed equivalent to the Dira
 equation and therefore validates Musès' 
laimas stated in the introdu
tion of this paper.3 Hypernumber Rotation as Symmetry TransformationIn the 
urrent Standard Model for ele
tromagnetism, weak, and strong intera
tion, physi
ists have su

essfully been able toexpand the Dira
 equation by adding terms that warrant invarian
e under 
ertain symmetry transformations on the operand
Ψ. These transformations are generally expressed in matrix form on 
ir
ular 
omplex numbers.In a simple example, use of hypernumber arithmeti
 will now be suggested as additional 
andidate for expansion of thisfundamental relation in physi
s. Without further spe
ulating here about its a
tual relevan
e in des
ribing physi
al law, thefollowing is intended to be a demonstration of method only. Instead of matrix form on 
ir
ular 
omplex numbers, hypernumberarithmeti
 will be
ome the genuine method of mathemati
al des
ription.A 
oni
 sedenion zcon16 to basis elements bcon16 ∈ {1, i1, ..., i7, i0, ε1, ..., ε7} will be expressed through real number 
oe�
ients
c[bcon16] in the following notation:

zcon16 = (c[1], c[i1], ..., c[i7], c[i0], c[ε1], ..., c[ε7]) (16)Coni
 sedenions 
ontain both a hyperboli
 and a 
ir
ular o
tonion subalgebra. The hyperboli
 o
tonion subalgebra from above(2) will be mapped to
zhyp8 7→ (c[1], c[i1], c[i2], c[i3], 0, 0, 0, 0, 0, 0, 0, 0, c[ε4], c[ε5], c[ε6], c[ε7]) (17)and the 
ir
ular o
tonion zcir8 subalgebra to basis elements bcir8 ∈ {1, i1, ..., i7} to:
zcir8 7→ (c[1], c[i1], c[i2], c[i3], c[i4], c[i5], c[i6], c[i7], 0, 0, 0, 0, 0, 0, 0, 0) (18)With de�nition of
▽Q1 := (−m, ∂0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) (19)
▽Q2 := (0, 0, 0, 0, 0, ∂3,−∂2, ∂1, 0, 0, 0, 0, 0, 0, 0, 0) (20)the operator ▽hyp8 from (4) and a new 
ir
ular o
tonion 
ounterpart ▽cir8 
an be written as:3



▽hyp8 7→▽Q1 + i0 ▽Q2 (21)
▽cir8 7→▽Q1 + ▽Q2 (22)Similarly, de�nition of

ΨQ1 :=
(

ψr
0, ψ

i
0, ψ

r
1, ψ

i
1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

) (23)
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0, 0, 0, 0,−ψr
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i
2, ψ

r
3, ψ

i
3, 0, 0, 0, 0, 0, 0, 0, 0

) (24)allows to map the operand Ψhyp8 from (3) and a new relating Ψcir8 to:
Ψhyp8 7→ΨQ1 + i0ΨQ2 (25)
Ψcir8 7→ΨQ1 + ΨQ2 (26)Using a real fa
tor α and 
oni
 sedenions ▽con16 and Ψcon16 like
▽con16 :=▽Q1 + exp (αi0) ▽Q2

Ψcon16 := ΨQ1 + exp (αi0)ΨQ2this allows for 
ontinuous transition of the Dira
 equation ▽hyp8Ψhyp8 = 0 into a new 
ir
ular o
tonioni
 
ounterpart:
▽cir8Ψcir8 = 0 (27)The Dira
 equation 
orresponds to α = π/2 and its new 
ounterpart on 
ir
ular geometry (27) to α = 0.In a physi
ist's perspe
tive and wording, the 
oni
 sedenion relation
▽con16Ψcon16 = 0 (28)would therefore unify the 
lassi
al Dira
 equation on hyperboli
 geometry with a new relation on 
ir
ular geometry by means ofa mixing angle α. The expression exp (αi0) 
ould be interpreted as symmetry transformation of a new 
lass formed by genuine
oni
 
omplex rotations.Whether or not su
h hypernumber arithmeti
 will a
tually o�er the bene�t of des
ribing physi
al law is subje
t to furtherinvestigation. Finding the Dira
 equation in hyperboli
 o
tonion arithmeti
 appears en
ouraging, sin
e it 
ould open a windowto broadening traditional 
ir
ular 
omplex number arithmeti
 for des
ription of the di�erent symmetries and geometries ofphysi
al for
es.A
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