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A partile's wave funtion Ψ is expressed as a four vetor ontaining irular omplex ψµ := ψr
µ

+ iψi
µ
, with µ ∈ {0, 1, 2, 3}and upper index {r, i} denoting a omponent's real and imaginary 2 parts. The ψµ are funtions on spae x1, x2, x3 and time

x0. The abbreviation ∂µ is short for partial derivative ∂/∂xµ.The lassial Dira equation an then be written as:
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(1)A hyperboli otonion zhyp8 to basis elements bhyp8 ∈ {1, i1, i2, i3, ε4, ε5, ε6, ε7} will be expressed through real numberoe�ients c[bhyp8] in the following notation:
zhyp8 = (c[1], c[i1], c[i2], c[i3], c[ε4], c[ε5], c[ε6], c[ε7]) (2)The partile's wave funtion Ψ will be mapped per de�nition onto:
Ψhyp8 : =
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) (3)For any µ, if ψr
µ
is mapped to c[bhyp8] its imaginary ounterpart ψi

µ
is mapped to a c[bhyp8 · i1]. Therefore, the irular ompleximaginary basis element i is identi�ed with the hyperboli otonion basis element i1, or i ≡ i1.With de�nition of

▽hyp8 := (−m, ∂0, 0, 0, 0,−∂3, ∂2,−∂1) (4)the Dira equation an be written as generi hyperboli otonion produt:
▽hyp8Ψhyp8 = 0 (5)Proof: The four irular omplex relations of the Dira equation (1) are separated into their real and imaginary parts:
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2 For larity, the imaginary base element for irular omplex numbers will be written as i, without index. Suh indexing would makethe Dira equation hard to read and be unneeded. When using otonion and sedenion arithmeti, the irular omplex i will subsequentlybe identi�ed with i1 by de�nition, i.e. i ≡ i1. 2



The hyperboli otonion produt ▽hyp8Ψhyp8 (5) is expliitely:
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The eight omponents of (15) an be identi�ed as left-hand part of equations (6) through (13), either identially or with theopposite sign. This proves that ▽hyp8Ψhyp8 = 0 is indeed equivalent to the Dira equation and therefore validates Musès' laimas stated in the introdution of this paper.3 Hypernumber Rotation as Symmetry TransformationIn the urrent Standard Model for eletromagnetism, weak, and strong interation, physiists have suessfully been able toexpand the Dira equation by adding terms that warrant invariane under ertain symmetry transformations on the operand
Ψ. These transformations are generally expressed in matrix form on irular omplex numbers.In a simple example, use of hypernumber arithmeti will now be suggested as additional andidate for expansion of thisfundamental relation in physis. Without further speulating here about its atual relevane in desribing physial law, thefollowing is intended to be a demonstration of method only. Instead of matrix form on irular omplex numbers, hypernumberarithmeti will beome the genuine method of mathematial desription.A oni sedenion zcon16 to basis elements bcon16 ∈ {1, i1, ..., i7, i0, ε1, ..., ε7} will be expressed through real number oe�ients
c[bcon16] in the following notation:

zcon16 = (c[1], c[i1], ..., c[i7], c[i0], c[ε1], ..., c[ε7]) (16)Coni sedenions ontain both a hyperboli and a irular otonion subalgebra. The hyperboli otonion subalgebra from above(2) will be mapped to
zhyp8 7→ (c[1], c[i1], c[i2], c[i3], 0, 0, 0, 0, 0, 0, 0, 0, c[ε4], c[ε5], c[ε6], c[ε7]) (17)and the irular otonion zcir8 subalgebra to basis elements bcir8 ∈ {1, i1, ..., i7} to:
zcir8 7→ (c[1], c[i1], c[i2], c[i3], c[i4], c[i5], c[i6], c[i7], 0, 0, 0, 0, 0, 0, 0, 0) (18)With de�nition of
▽Q1 := (−m, ∂0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) (19)
▽Q2 := (0, 0, 0, 0, 0, ∂3,−∂2, ∂1, 0, 0, 0, 0, 0, 0, 0, 0) (20)the operator ▽hyp8 from (4) and a new irular otonion ounterpart ▽cir8 an be written as:3



▽hyp8 7→▽Q1 + i0 ▽Q2 (21)
▽cir8 7→▽Q1 + ▽Q2 (22)Similarly, de�nition of

ΨQ1 :=
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) (24)allows to map the operand Ψhyp8 from (3) and a new relating Ψcir8 to:
Ψhyp8 7→ΨQ1 + i0ΨQ2 (25)
Ψcir8 7→ΨQ1 + ΨQ2 (26)Using a real fator α and oni sedenions ▽con16 and Ψcon16 like
▽con16 :=▽Q1 + exp (αi0) ▽Q2

Ψcon16 := ΨQ1 + exp (αi0)ΨQ2this allows for ontinuous transition of the Dira equation ▽hyp8Ψhyp8 = 0 into a new irular otonioni ounterpart:
▽cir8Ψcir8 = 0 (27)The Dira equation orresponds to α = π/2 and its new ounterpart on irular geometry (27) to α = 0.In a physiist's perspetive and wording, the oni sedenion relation
▽con16Ψcon16 = 0 (28)would therefore unify the lassial Dira equation on hyperboli geometry with a new relation on irular geometry by means ofa mixing angle α. The expression exp (αi0) ould be interpreted as symmetry transformation of a new lass formed by genuineoni omplex rotations.Whether or not suh hypernumber arithmeti will atually o�er the bene�t of desribing physial law is subjet to furtherinvestigation. Finding the Dira equation in hyperboli otonion arithmeti appears enouraging, sine it ould open a windowto broadening traditional irular omplex number arithmeti for desription of the di�erent symmetries and geometries ofphysial fores.AknowledgementsI am indebted to Kevin Carmody for his graious help with hypernumber arithmetis.Referenes[1℄ C. Musès, Hypernumbers and Quantum Field Theory with a Summary of Physially Appliable Hypernumber Arithmetis and theirGeometries. Appl. Math. Comput. 6:63-94 (1980).[2℄ K. Carmody, Cirular and Hyperboli Quaternions, Otonions, and Sedenions. Appl. Math. Comput. 28:47-72 (1988).[3℄ K. Carmody, Cirular and Hyperboli Quaternions, Otonions, and Sedenions - Further Results. Appl. Math. Comput. 84:27-47 (1997).[4℄ K. Imaeda, M. Imaeda, Sedenions: algebra and analysis. Appl. Math. Comput. 115:77-88 (2000)
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