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General 
ontext
Ultimate goal of this resear
h:Build a 
omplete, 
onsistent nonasso
iative quantum theory.Investigate its 
onsequen
es.Model more physi
al for
es with fewer assumptions.
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Overview (1)This talk is divided into 2 parts:1 Nonasso
iative quantum theory,2 Possible appli
ations.Part 1: Nonasso
iative quantum theoryUnobservables from nonasso
iative parts of an operator.Supersymmetri
 nonrelativisti
 Hamiltonian.Nonasso
iative de
omposition of supersymmetri
 momentumoperator, spin operator, and strongly intera
ting �elds.
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Overview (2)Part 2: Possible appli
ationsHeisenberg un
ertainty and light 
one on split-o
tonions.Dira
 equation with ele
tromagneti
 �eld on split-o
tonions.Four dimensional Eu
lidean operator quantum gravity on
omplex o
tonions.Generalized dimensional redu
tion on o
too
tonions.If we run out of time, talk is online at:http://jenskoeplinger.
om/P/Denver09.pdf
V. Dzhunushaliev and J. Köplinger Hidden nonasso
iative stru
tures in quantum me
hani
s



Part 1:Nonasso
iative quantum theory
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Classi
al quantum me
hani
sClassi
al quantum me
hani
s:Wave fun
tions Ψ generally unobservable,operators H,de
ompose Ψ into orthogonal eigenfun
tions ψn,eigenvalues hn are observable.Expe
tation values from 
lassi
al quantum me
hani
s
〈Ψ|H |Ψ〉= ∑n hn ∫V ψ∗nψndV (1)
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Nonasso
iative parts of an operatorConsequen
es from nonasso
iative parts of an operator H:Expression �〈Ψ|H |Ψ〉� ambiguous, sin
e:
∫V ψ∗n (hnψn)dV 6= ∫V (ψ∗nhn)ψndV , (2)loss of unitarity (�〈Ψ|HH∗ |Ψ〉� = ?) −→ probability not
onserved,nonasso
iative parts are unobservable in prin
iple.UnobservablesUnobservables are modeled by nonasso
iative parts of an operator,and 
annot predi
t a measurement out
ome. This is distin
t fromtraditional �hidden variables�, whi
h 
ould be measured in prin
iple.V. Dzhunushaliev and J. Köplinger Hidden nonasso
iative stru
tures in quantum me
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Challenges
Physi
s: How to approa
h 〈Ψ|∇ |Ψ〉?Algebra: How to handle di�erentials on a nonasso
iativeba
kground that may 
ontain zero divisor andnilpotent spa
es?
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Nonasso
iative stru
tures requiredHidden, nonasso
iative stru
tures must exist a
ross all �elds ofquantum me
hani
s [1-5℄:physi
al observables hidden 
onstituentssupersymmetri
 Hamiltonian ...quantum me
h. (
hange over time)operator QM momentum operator ...(lo
ation in spa
e/time)operator QM spin operator ...(internal freedom)quantum �eld �eld operators ...theory (dynami
 intera
tion)V. Dzhunushaliev and J. Köplinger Hidden nonasso
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Supersymmetri
 quantum me
hani
sThe Hamiltonian H in nonrelativisti
, N=1 supersymmetri
quantum me
hani
s, 
an be written with split-o
tonions uj asH = 12 (Q+ Q̄)2 with unobservables [2,4℄:Q =
3
∑i=1(−pj + iV,j)u∗j =

3
∑i=1Dju∗j , (3)Q̄ =

3
∑i=1(pj + iV,j)uj =

3
∑i=1D̄juj . (4)Mathemati
al 
hallenge (open question)How to evaluate di�erential operators Dj on split-o
tonionba
kground uj that 
ontains nilpotent and zero divisor spa
es?Time dependen
y 〈Ψ| dLdt |Ψ〉= 〈Ψ| ∂L

∂ t + īh [H,L] |Ψ〉? [4℄V. Dzhunushaliev and J. Köplinger Hidden nonasso
iative stru
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Supersymmetri
 momentum operatorThe simplest supersymmetri
 algebra is de�ned as follows [3℄:
[Pµ ,Qa] = σ µaȧQ̄ ȧ, (5)
[Pµ ,Q̄ ȧ] = −σ µ ȧaQa, (6)

[Mµν ,Qa] = −i (σ µν)
ḃa Q̄ḃ, (7)

[Mµν ,Q̄ ȧ] = −i (σ µν)ȧbQb, (8)
{Qa,Qȧ} = 2σ µaȧPµ , (9)
{Qa,Qb} =

{Q̄ȧ,Q̄ḃ} = 0. (10)Algebrai
 
hallenge (open question)Is an algebrai
 de
omposition of Pµ possible su
h thatPµ =
14σaȧ

µ {Qa,Qȧ}? (11)V. Dzhunushaliev and J. Köplinger Hidden nonasso
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Spin operatorA nonasso
iative de
omposition of the spin operator [3℄:
[Rµ ,Rν ] = 2Mµν , (12)

[Mµν ,Mρσ ] = ı(ηνρMµσ + η µσMνρ −η µρMνσ −ηνσMµρ)(13)
(Rµ ,Rν ,Rρ) = (RµRν)Rρ −Rµ (RνRρ) = 2ε µνρσRσ . (14)Solutions3-
omponent [3℄: R i =−14εijk [qj+3,qk+3](split-o
tonions qµ and i , j ,k ∈ {1,2,3}).4-
omponent [10℄: R0 = i42 (1+ ı) and R j =

i(j+4)2 (1− ı)(
omplex o
tonions to basis {1, i1, . . . , i7} with 
oe�
ients {1, ı}).V. Dzhunushaliev and J. Köplinger Hidden nonasso
iative stru
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Quantum �eld theoryWe assume that operators of strongly intera
ting �elds Φm (xµ ) 
anbe de
omposed into nonasso
iative 
onstituents [5℄:
Φm (xµ ) = f iα (xµ)biβ (xµ) . (15)

This would lead to additional terms for interacting fields:
(((f i1α1bi1β1)f i2α2)bi2β2)=

(f i1α1bi1β1)(f i2α2bi2β2) + associator.(16)Physi
s 
hallenge (open question)Does su
h de
omposition exist? What is the algebra?The quantum 
orre
tions from the asso
iator may be similarmagnitude as the �elds. What is their physi
al meaning?Nonasso
iative parts of operators are unobservable; does thisallow for a nonperturbative des
ription of (unobservable)quarks and the strong for
e?V. Dzhunushaliev and J. Köplinger Hidden nonasso
iative stru
tures in quantum me
hani
s



Summary: nonasso
iative stru
turesSummary of hidden, nonasso
iative stru
ture in quantumme
hani
s: physi
al observables hidden 
onstituentssupersymmetri
 Hamiltonian nonasso
. operators:quantum me
h. H = 12 (Q+ Q̄) Q, Q̄ unobservablesoperator QM momentum operator Qa, Qȧ algebrai
Pµ = 14σaȧ
µ {Qa,Qȧ} generators of SUSYoperator QM spin operator qj+3, qk+3 areŝ i =−14εijk [qj+3,qk+3] split-o
tonionsquantum �eld �eld operators f iα , biβ elements oftheory Φm (xµ) = f iα (xµ)biβ (xµ ) nonasso
. algebraV. Dzhunushaliev and J. Köplinger Hidden nonasso
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Part 2:Possible appli
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Light 
one and Heisenberg un
ertaintyThe invariant length element on split-o
tonions
{1, j1, j2, j3, I ,J1,J2,J3}, with j2n =−1 and I 2 = J2n = +1, is [6,8℄:s = 
 (t+ I h̄ω)+

3
∑n=1(Jnxn + jnh̄λn) , (17)

‖s‖2 =
[
2t2−|~x |2]− h̄2[
2ω2− ∣

∣

∣

~λ
∣

∣

∣

2]
. (18)Spa
e ~x and time t are paired with their 
anoni
al transforms ω[energy-1℄ and ~λ [momentum-1℄.Physi
s impli
ationsMaximum speed of light 
 and Heisenberg un
ertaintyh̄ ≤ ∣

∣

dtdω
∣

∣, h̄ ≤ ∣

∣

∣

dxndλn ∣

∣

∣
on the same geometri
al footing.Open question: Does this hint at a uni�
ation of spa
e-timeand energy-momentum?V. Dzhunushaliev and J. Köplinger Hidden nonasso
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Dira
 equation with ele
tromagneti
 �eldThe Dira
 equation with ele
tromagneti
 �eld Aµ was expressed onsplit-o
tonions [7℄:h̄[
 ∂
∂ t + J i ∂

∂x i ]ψ +
[

−
(m
 +

e
 A0)+
e
 AnJn](Iψ) = 0.(19)The wave fun
tion ψ is a split-o
tonion, too. The �elds areasso
iated di�erently to ψ as 
ompared to the di�erentials:

∇ |Ψ〉+A |IΨ〉= 0. (20)Physi
s 
onsiderations (open questions)How to 
al
ulate general expe
tation values?Maybe �〈Ψ| f (∇,A) |Ψ〉� notation is insu�
ient?What predi
tions 
ome from the remaining algebrai
 freedoms?V. Dzhunushaliev and J. Köplinger Hidden nonasso
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Four dimensional Eu
lidean operator quantum gravityComplex o
tonions (o
tonions {1, i1, . . . , i7} with 
omplex
oe�
ients {1, i0}) allow to express the Dira
 equation
(∇−m)Ψ = 0, ∇ =

3
∑n=0γnE n, (21)with ele
tromagneti
 �eld An (on Minkowski spa
e-time) and a
ounterpart on four dimensional Eu
lidean ba
kground [9℄:E n

EM = E n
GR = ∂n + i0qAn (n ∈ {1,2,3}) , (22)E 0
EM = i0 (∂0 + i0qA0)←→ E 0

GR = ∂0 + i0qA0, (23)
=⇒ E 0

EM,GR = exp (α i0) (∂0 + i0qA0) . (24)The γn are modeled as o
tonion basis elements.Physi
s 
onsideration (same open question)Yet again: maybe �〈Ψ| f (∇,A) |Ψ〉� notation is insu�
ient?V. Dzhunushaliev and J. Köplinger Hidden nonasso
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A generalized dimensional redu
tion on o
too
tonionsO
too
tonions (o
tonions {1, i1, . . . , i7} with o
tonion 
oe�
ients
{1, i1̇, . . . , i7̇}) allow to generalize the Dira
 equation further [10℄:

(∇−m)Ψ = 0, ∇ =
3
∑n=0γnE n, (25)

γn 7−→ {1, i1, . . . , i7} , E n 7−→ G ({1, i1̇, . . . , i7̇} ,∂n) . (26)Chan
e at uni�
ation?The algebra might be wide enough to in
lude fermion generations[11℄, and the weak and strong for
e [10℄:O
tonion index: 1 2 3 4 5 6 7
γn: γ1 γ1 γ2 γ0E n (dotted index): E 1 E 2 E 3 E 0Symmetry: SU(2) SU(1)

SU(3) SU(1)V. Dzhunushaliev and J. Köplinger Hidden nonasso
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Con
lusionNonasso
iative quantum theory is hot!Chan
e at nonperturbative 
olor symmetry.Chan
e at fermion generations from algebrai
 generators.Chan
e at quantum gravity and uni�
ation.Chan
e at QFT and operator QM for all for
es.Next, do you want to work on .... . . generalizing predi
tion of expe
tation values?. . . realizing 
olor for
e nonperturbatively?. . . supplying a weak and strong �eld on o
too
tonions?A
knowledgmentsMany thanks to the 
onferen
e organizers and the NSF, who madeProf. Dzhunushaliev's parti
ipation possible through a travel grant.V. Dzhunushaliev and J. Köplinger Hidden nonasso
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